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Abstract
We study spinon excitations of the integrable spin-1 (Fateev–Zamolodchikov; FZ) chain and their relation 
to the hidden supersymmetry. Using the notion of the supercharges earlier introduced to the spin chains, 
which change the system length by one, we found that they nontrivially act on one of two kinds of the 
degrees of freedom for the FZ chain. Their actions were obtained to be the same as those of the supercharges 
defined on the supersymmetric sine-Gordon model, the low-energy effective field theory of the FZ chain. 
Moreover, we construct the eigenstates which are invariant under the supersymmetric Hamiltonian given as 
the anti-commutator of the supercharges.
© 2016 The Author. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
1. Introduction
The integrable spin chains have been studied since a long ago and various methods have been 
developed to diagonal their Hamiltonians. One of the most successful methods for the finite XXZ 
spin chains is the Bethe ansatz method [5], which allows us not only to derive eigenfunctions but 
also to calculate correlation functions [9,15,26,27,29,36] through the quantum inverse scatter-
ing method [40]. Another successful method is the q-vertex operator approach [7,21,23,24,28], 
which is valid for infinite chains. Both methods are based on the common property of the inte-
grable spin chains, the factorizability of the scattering S-matrix resulting from the Yang–Baxter 
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posed into the SU(2) part and the restricted solid-on-solid (RSOS) part [33]. In the Bethe ansatz 
method, an excitation particle is a magnon, which is defined as a flipped spin in the vacuum 
given by fully polarized spins. Each magnon carries rapidity, which takes complex number, and 
magnons carrying rapidities with the same real part but with the different imaginary parts make 
a bound state. Such a set of rapidities is called string solutions [39]. On the other hand, in the 
q-vertex operator approach, an excitation particle is a spinon, which emerges at an unpaired bond 
in the vacuum given by singlet paired spins. Each spinon carries spin 12 [13] and this freedom 
shows up in the SU(2) part of the S-matrix.
The spin- 12 XXZ chain reveals the quantum phase transition depending on the anisotropy [37]. 
In the massless regime, its low energy excitations are described by the quantum sine-Gordon 
model. For the spin-1 case, the low energy effective field theory is the supersymmetric sine-
Gordon model [22] and for the arbitrary spin- ≥32 case, it is expected that the low energy excita-
tions are described by the fractional supersymmetric sine-Gordon model through the comparison 
of the structure of the S-matrices [10]. What is interesting is, although the supersymmetry is not 
explicitly obtained in the spin chains, their effective field theory possess the supersymmetry. Re-
flecting the structure of the S-matrix, the supersymmetric effective field theory has an asymptotic 
state labeled by a soliton charge and a pair of RSOS indices. The generators of the superalgebra 
non-trivially act on the asymptotic state by changing the RSOS indices but by leaving the soli-
ton charge preserved [4,20,34,43]. This motivates us to consider how the superalgebra acts on a 
spinon state of the spin chain, which also possesses a spinon spin and a pair of RSOS indices.
Recently, the discrete analog of the supersymmetry was introduced to the spin chains [16,17,
31,42]. The idea originates in the fermion representation of the spin operator Sj = f †j σβα fjβ , 
which assign a fermion to each lattice site. Since the supersymmetry exchanges a bosonic state 
and a fermionic state, i.e. it changes the fermion number by one, the supercharges were defined 
to change the system length by one. Subsequently, the action of the supercharge was given on the 
spin basis as a map V → V ⊗V or V ⊗V → V . Although it is hard to deal with such an operator 
that changes the system size in the spin basis, we expect that the action of the superalgebra is 
clearly understood on the RSOS part of the spinon basis. Indeed, the  = 2 case possesses the 
N = 1 supersymmetry and the total magnetization is conserved, which implies that the spinon 
number could be conserved as well.
Therefore, the aim of this paper is to investigate the discrete analog of supersymmetry on the 
spinon basis. For simplicity, we limit our interest to the N = 1 case, in which the total magneti-
zation is a conserved quantity of the superalgebra. The N = 1 supersymmetry is observed only 
for the spin-1 case, and therefore we focus on the Fateev–Zamolodchikov (FZ) spin chain known 
as the spin-1 integrable XXZ chain [44]. Moreover, we restrict our discussion to the infinite spin 
chain, where the whole system is Uq(ŝl2)-invariant and the spinon excitations are well-described 
by the vertex operator. Since the supersymmetry was discussed only for the finite systems either 
with the periodic boundary or open boundaries [16,17,42], we modify it in compatible with the 
infinite spin chain.
This paper is organized as follows. In the next section, we review the known properties of 
the ZF chain and its spinon basis introduced in [32]. Section 3 is devoted to the attempt to 
combine the notion of spinon basis with the discrete analog of supersymmetry, by discussing the 
actions of superalgebra on the spinon basis. For better understanding, we introduce the graphical 
representation of the restricted paths. At the same time, we construct the superspace where all 
the eigenvectors except for the ground state make superpartners. The relation to Haldane’s spinon 
motifs [19] is also pointed out. The conclusion and future works are given in the last section.
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The Fateev–Zamolodchikov (FZ) spin chain is known as the integrable spin-1 XXZ model. 
The integrability lies in the factorizable bulk scattering matrix obtained as the trigonometric 
solution (a nine-by-nine matrix) of the Yang–Baxter equation [44]. The Hamiltonian of the FZ 
spin chain is written in the following form [16]:
H =
∑
j∈Z
hj,j+1 =
∑
j∈Z
⎛⎝ 3∑
a,b=1
AabS
a
j S
b
j S
a
j+1S
b
j+1 −
3∑
a=1
Ja(S
a
j S
a
j+1 + 2(Saj )2)
⎞⎠ , (1)
where the coupling constants are chosen as
J1 = A11 = J2 = A22 = 1, J3 = A33 = (q − q
−1)2
2
A12 = A21 = 1, A13 = A31 = A23 = A32 = q − 1 + q−1.
(2)
Throughout this paper, we consider only the infinite chain and therefore the index j in (1) runs 
over all integers. The spin operator Saj is a spin-1 operator which nontrivially acts on the j th 
site:
Saj := 1 ⊗ · · · ⊗ 1 ⊗ Sa︸︷︷︸
j
⊗· · · ⊗ 1. (3)
By choosing the basis as
|0〉 =
⎛⎝10
0
⎞⎠ , |1〉 =
⎛⎝01
0
⎞⎠ , |2〉 =
⎛⎝00
1
⎞⎠ , (4)
the local actions of the spin operators are written as follows:
S1 = 1√
2
⎛⎝0 1 01 0 1
0 1 0
⎞⎠ , S2 = 1√
2
⎛⎝0 −i 0i 0 −i
0 i 0
⎞⎠ , S3 =
⎛⎝1 0 00 0 0
0 0 −1
⎞⎠ . (5)
Thus, we have S3|p(l)〉 = (−p(l) + 1)|p(l)〉 for p(l) ∈ {0, 1, 2}. We write a tensor product state 
by
⊗l∈Z|p(l)〉 := | . . . , p(l − 1),p(l),p(l + 1), . . . 〉. (6)
Here l indicates the lth site of the spin chain. A basis vector of the whole system is written as a 
linear combination of tensor product states.
2.1. U ′q(ŝl2)-invariance of the FZ model
In the case of the infinite spin chain, the choice of the coupling constants (2) makes the 
Hamiltonian (1) Uq(ŝl2)-invariant. Let V (λm) the three dimensional irreducible highest weight 
Uq(ŝl2)-module with the highest weight λm. Then the action of U ′q(ŝl2) on V (2) (π : U ′q(ŝl2) →
End(V (2))) on the basis (4) is given by
18 C. Matsui / Nuclear Physics B 913 (2016) 15–33π(e(0)) = π(f (1)) =
⎛⎝0 0 01 0 0
0 q+q
−1
2 0
⎞⎠ ,
π(e(1)) = π(f (0)) =
⎛⎝0 q+q−12 00 0 1
0 0 0
⎞⎠ ,
π(k(1)) = π((k(0))−1) =
⎛⎝q2 0 00 1 0
0 0 q−2
⎞⎠ .
(7)
They have the comultiplication given by
(∞)(e(i)) =
∑
j∈Z
· · · ⊗ k(i) ⊗ e(i)︸︷︷︸
j
⊗1 ⊗ · · · ,
(∞)(f (i)) =
∑
j∈Z
· · · ⊗ 1 ⊗ f (i)︸︷︷︸
j
⊗(k(i))−1 ⊗ · · · ,
(∞)(k(i)) = · · · ⊗ k(i) ⊗ k(i) ⊗ k(i) ⊗ · · · .
(8)
From (7) and (8), one can check the U ′q(ŝl2)-invariance of the Hamiltonian [H, U ′q(ŝl2)] = 0.
2.2. Path realization at q → 0
In the q → 0 limit, the properly normalized Hamiltonian consists only of the operator S3:
q2H −→
q→0 H0 =
1
2
∑
j∈Z
(
(S3j S
3
j+1)
2 − S3j S3j+1
)
(9)
and thus becomes diagonal in the tensor products of (4). Therefore, the eigenvectors are written 
in a form of (6). These eigenvectors are interpreted as paths (p(l))l∈Z [32].
There are three degenerate ground state with the vector elements given by
p¯m(l) := (p(l))l∈Z |p(l) = m+ (2 − 2m)ε(l) m = 0,1,2. (10)
ε(l) takes 0 for even l, while 1 for odd l. A sequence p¯m(l) is called a ground state path. Under 
the fixed boundary conditions such that
p(l) =
{
p¯m(l) l  0,
p¯m′(l) l  0,
(11)
the lowest energy state is realized by the vector elements given by
p¯m,m′(l) := (p(l))l∈Z
∣∣∣∣ p(l) = p¯m(l) l(∈ Z) > 0p(l) = p¯m′(l) l(∈ Z) ≤ 0 . (12)
This sequence is called an (m, m′) ground state path. We simply call an (m, m′) path if a sequence 
satisfies
p(l) = p¯m,m′ |l|  0. (13)
There exists a bijection between an (m, m′) path and the associated crystal B(λm) to the crystal 
base of the level 2 irreducible highest weight Uq(ŝl2)-module with the highest weight λm [32]:
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 0)}. (14)
Here we denote the associated crystal to the crystal base of  + 1 dimensional Uq(ŝl2)-module 
by B().
An (m, m′) path admits the domain wall description. If a path contains n domain walls at 
l1, . . . , ln ∈ Z (ln ≥ · · · ≥ l1), the path consists of the fragments of n + 1 ground state paths:
p(l) = p¯mr (l), lr+1 ≥ l > lr (15)
The adjacent domains must satisfy the adjacency condition:
|mj −mj−1| = 1 (16)
besides the boundary conditions mn = m, m0 = m′. For a fixed sequence (mn, . . . , m0), a set of 
domain walls {l1, . . . , ln} uniquely determines the path components. Thus, we write the (mn, m0)
path encoded by a fixed sequence (mn, . . . , m0) as [[ln, . . . , l1]]mn,m0 . The state without domain 
walls (empty states) are represented by [[ ]]m,m. There are three empty states for the choice of 
m ∈ {0, 1, 2}, corresponding to the three degenerate ground states. Note that, in an (m, m′) path, 
at least |m − m′| domain walls exit, i.e. the (m, m′) ground state path p¯m,m′ contains |m − m′|
domain walls. The bijection (14) indicates that there exists the following isomorphism:
∞unionsq
n=0 unionsql1,...,ln[[ln, . . . , l1]]m,m′  B(2)(λm)⊗B(2)(λm′)∗. (17)
Let us consider the path consisting of n domain walls at l1, . . . , ln. In the q → 0 limit, a do-
main wall lj is identified with a spinon which carries a pair of RSOS indices and a spinon spin. 
The RSOS indices are encoded by the ground state paths on both sides of the domain wall mj−1, 
mj , while the spinon spin is defined by
sj = −12 sgn(p(lj )+ p(lj + 1)− 2). (18)
This definition is consistent with the fact that each spinon carries spin 12 . In the q → 0 limit, the 
comultiplication (8) is modified according to [25]. By denoting the actions of e(i) and f (i) at 
q → 0 by e˜(i) and f˜ (i), we consider the following quantities:
e(i)max := max{k ≥ 0; (e˜(i))kb = 0}, b ∈ B(2)
f (i)max := max{k ≥ 0; (f˜ (i))kb = 0}, b ∈ B(2).
(19)
Then, e˜(i) is compatible with the comultiplication defined in [25] if we choose the action of e˜(i)
as follows:
(∞)(e˜(i))(· · · ⊗ bj+1 ⊗ bj ⊗ bj−1 ⊗ · · · ) = · · · ⊗ bj+1 ⊗ e˜(i)bj ⊗ bj−1 ⊗ · · · (20)
for the largest j such that f (i)max(bj−1) < e(i)max(bj ). On the other hand, f˜ (i) is consistently with 
the definition of the comultiplication by choosing the action of f˜ (i) as
(∞)(f˜ (i))(· · · ⊗ bj+1 ⊗ bj ⊗ bj−1 ⊗ · · · ) = · · · ⊗ bj+1 ⊗ f˜ (i)bj ⊗ bj−1 ⊗ · · · (21)
for the smallest j such that f (i)max(bj ) > e(i)max(bj+1). From these comultiplications, it is easily 
obtained that e˜(i) and f˜ (i) simply shift a domain wall:
e˜(i)[[ln, . . . , l1]] = [[ln, . . . , lj + 1, . . . , l1]] (22)
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f˜ (i)[[ln, . . . , l1]] = [[ln, . . . , lj − 1, . . . , l1]] (23)
for the smallest j such that sj = 12 (−1)i+1. If no such sj exists that satisfies the above condition, 
we have
x˜(i)[[ln, . . . , l1]] = 0, x˜(i) = e˜(i), f˜ (i). (24)
The adjacency condition (16) is expressed by using pj ∈ {0, 1} as
mj −mj−1 = (−1)pj . (25)
A sequence (pn, . . . , p1) ∈ {0, 1}n is called a level 2 restricted path. The restricted path associated 
with an (m, m′) path is characterized by
(−1)p1 + · · · + (−1)ps ∈ {−m′,−m′ + 1,−m′ + 2} 0 ≤ s ≤ n,
(−1)p1 + · · · + (−1)pn = m. (26)
If we set a function H(ps+1, ps) for the components of a restricted paths as
H(1,0) = 1, H(0,0) = H(0,1) = H(1,1) = 0, (27)
the energy of the system is given by 
∑n−1
s=1 H(ps+1, ps).
2.3. Spinon basis
The spinon creation operator ϕ∗pj (j ∈ Z, p = 0, 1) was introduced as the operator which 
obeys the following algebraic relations [8,32]:
ϕ
∗p1
j1
ϕ
∗p2
j2
+ ϕ∗p1j2 ϕ
∗p2
j1
= 0, j1 = j2 mod 2 ∧ (p1,p2) = (1,0), (28)
ϕ
∗p1
j1
ϕ
∗p2
j2
+ ϕ∗p1j2+1ϕ
∗p2
j1−1 = 0, j1 = j2 mod 2 ∧ (p1,p2) = (1,0), (29)
ϕ
∗p1
j1
ϕ
∗p2
j2
+ ϕ∗p1j2−2ϕ
∗p2
j1+2 = 0, j1 = j2 mod 2 ∧ (p1,p2) = (1,0), (30)
ϕ
∗p1
j1
ϕ
∗p2
j2
+ ϕ∗p1j2−1ϕ
∗p2
j1+1 = 0, j1 = j2 mod 2 ∧ (p1,p2) = (1,0). (31)
These relations were introduced through the inspiration by the relations for the vertex opera-
tors [8]. The subscripts j relate to the spinon spins in such a way that even j indicates a + 12
spinon, while odd j indicates a − 12 spinon. For these spinon creation operators, the empty state [[ ]]m,m (m ∈ {0, 1, 2}) serves as the Fock vacuum:
ϕ
∗pn
jn
· · ·ϕ∗p1j1 [[ ]]m,m = [[jn − pn, . . . , j1 − p1]]m,m. (32)
That is, ϕ∗prjr creates a domain wall at jr − pr . Since the subscript represents the spinon spin 
depending on whether it is an even integer or an odd integer, the superscript pr can be identified 
with the component of a restricted path defined in (25). Since the domain-wall positions in (32)
are set in a non-decreasing order jn − pn ≥ · · · ≥ j1 − p1, the following condition must be 
satisfied:
jn − 2
j−1∑
H(pr+1,pr) ≥ · · · ≥ j2 − 2H(p2,p1) ≥ j1, (33)
r=1
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a bijection given by{
ϕ
∗pn
jn
· · ·ϕ∗p1j1 ∈
∞unionsq
n=0 unionsqj1−p1,...,jn−pn[[jn − pn, . . . , j1 − p1]]m,m
}
= B(2)(λm)⊗B(2)(λm)∗.
(34)
We rewrite (32) as
ϕ
∗pn
2jln+in · · ·ϕ
∗p1
2jl1+in[[ ]]m,m = [[2jln + in − pn, . . . ,2jl1 + in − p1]]m,m, (35)
where (in, . . . , i1) ∈ {0, 1}n, that is, we have a + 12 spinon for i = 0, while a − 12 spinon for i = 1. 
Let jlk which satisfies jlk+1 − jlk = H(plk+1 , plk ) denoted by jrs (s = 1, . . . , M). Then we have 
another bijection:{
ϕ
∗pn
jn
· · ·ϕ∗p1j1 ∈
∞unionsq
n=0 unionsqj1−p1,...,jn−pn[[2jln + in − pn, . . . ,2jl1 + in − p1]]0,0
∣∣∣
jlk+1 − jlk = H(plk+1 ,plk ), jlk = jrs
}
= B(rM−rM−1) ⊗ · · · ⊗B(r2−r1).
(36)
This bijection leads to the Yangian-like structure and thus we obtain the relation to Haldane’s 
spinon orbital interpretation of spinon motifs [19]. This notion was introduced for the Haldane–
Shastry (HS) spin chain [18,35], in which the eigenstates are characterized by integer-valued 
rapidities. A spinon motif, which consists of parentheses and 1’s, is defined by assigning a mo-
tif )( to an unoccupied integer by rapidities and 1 to an occupied integer. If one finds a motif 
(1 . . . 1) consisting of n symbols by counting ) or ( as a half-symbol, it represents the singlet 
state of n spins belonging to the fundamental representations. In the case of n = 1, a motif ()
simply represents a single spinon state. Therefore, a sequential motif ()(· · · )() consisting of n
symbols represents a n-fold tensor product of single spinon states. The irreducible decomposi-
tion of a spinon motif leads to the notion of spinon orbitals. We replace a parenthesis between 
symmetrized spinons by 0. For instance, n symmetrized spinons constitute a space represented 
by (0 . . . 0) with n symbols. Then a distinct spinon orbital is assigned to each set of symmetrized 
spinons. This leads to the bijection between the right-hand side of (36) and a spinon motif as
B(rM−rM−1) ⊗ · · · ⊗B(r2−r1) = (0 . . .0)︸ ︷︷ ︸
rM−rM−1
· · · (0 . . .0)︸ ︷︷ ︸
r2−r1
. (37)
3. Supersymmetry behind the ZF model
The supersymmetry of the finite ZF chain was introduced in [16]. The superalgebra was de-
fined in such a way that the supercharges change the number of system size by one. Here we 
modify their definitions in order to be compatible with the infinite spin chain:
Q :=
∑
j∈Z
(−1)j−1qj , Q† :=
∑
j∈Z
(−1)j−1q†j , (38)
where qj and q† nontrivially act on the j th site:j
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j
⊗1 ⊗ · · · ⊗ 1,
q†j := 1 ⊗ · · · ⊗ 1 ⊗ q†︸︷︷︸
j
⊗1 ⊗ · · · ⊗ 1. (39)
the local action q : V (2) → V (2) ⊗ V (2) is given by
q|2〉j = q + q
−1
2
(|12〉j,j+1 − |21〉j,j+1),
q|1〉j = |02〉j,j+1 − |20〉j,j+1,
q|0〉j = q + q
−1
2
(|01〉j,j+1 − |10〉j,j+1)
(40)
and q†j : V (2) ⊗ V (2) → V (2) is the adjoint operator of q. These supercharges obey a discrete 
analog of the superalgebra [41,42]:
Q2 = (Q†)2 = 0, [F, Q] = Q, [F, Q†] = −Q†, (41)
where F is the fermion number operator.
The infinite ZF chain is a supersymmetric model in the sense of [16], since the Hamiltonian 
density in (1) meets the criteria of the supersymmetry:
hj,j+1 = −(q†j ⊗ 1)(1 ⊗ qj )− (1 ⊗ q†j )(qj ⊗ 1)+ qjq†j +
1
2
(q†jqj ⊗ 1 + 1 ⊗ q†jqj ). (42)
This form of the local Hamiltonian guarantees that the whole Hamiltonian (1) is obtained as the 
anticommutator of the supercharges {Q, Q†} = H .
3.1. Supercharges acting on the spinon basis
Although the supercharges (38) insert/remove a site to/from the system, they do not change 
the total magnetization. This motivates us to investigate how they act on the spinon basis since, 
with the conserved total magnetization, the number of spinons is either conserved or pairs of + 12
spinons and − 12 spinons are generated. We normalize the local supercharges as q˜j = qqj in order 
not to diverge at q → 0. Then the actions given in (40) are modified into
q˜|2〉j = 12 (|12〉j,j+1 − |21〉j,j+1),
q˜|1〉j = 0,
q˜|0〉j = 12 (|01〉j,j+1 − |10〉j,j+1).
(43)
It is obtained from the direct calculation that the supercharge Q˜ kills the (0, 0) ground state 
paths:
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∑
j∈Z
(−1)j−1qj | . . .0202 . . . 〉
= · · · − 1
2
(| . . .01202 . . . 〉 − | . . .10202 . . . 〉)
+ 1
2
(| . . .01202 . . . 〉 − | . . .02102 . . . 〉)
− 1
2
(| . . .02012 . . . 〉 − | . . .02102 . . . 〉)
+ 1
2
(| . . .02012 . . . 〉 − | . . .02021 . . . 〉)− . . .
= 0.
(44)
Similarly, the (2, 2) ground state path is killed by Q˜ : [[ ]]2,2 → 0. The (1, 1) ground state path 
vanishes from the definition of the local action of q on |1〉.
A path with a single domain wall is given by the (m, m′) ground state path with |m −m′| = 1. 
The supercharge Q˜ defined through the local relation (43) acts on a path with a single domain 
wall as
Q˜[[l1]]0,1 = −12 [[l1 + 1]]2,1, Q˜[[l1]]2,1 =
1
2
[[l1 + 1]]0,1,
Q˜[[l1]]1,0 = 12 [[l1]]1,0, Q˜[[l1]]1,2 = −
1
2
[[l1]]1,2.
(45)
These are interpreted as the supercharge locally acts on the r th operator of a sequence of n spinon 
creation operators (35) as
Q˜(ϕ∗1jr ) = −
1
2
ϕ∗jr , ((−1)p1 + · · · + (−1)pr−1 = 1)∧ (pr = 1)
Q˜(ϕ∗0jr ) =
1
2
ϕ∗1jr+2, ((−1)p1 + · · · + (−1)pr−1 = 1)∧ (pr = 0)
Q˜(ϕ∗0jr ) =
1
2
ϕ∗0jr , ((−1)p1 + · · · + (−1)pr−1 = 0)∧ (pr = 0)
Q˜(ϕ∗1jr ) = −
1
2
ϕ∗1jr , ((−1)p1 + · · · + (−1)pr−1 = 2)∧ (pr = 1).
(46)
In order to define the sequential action of the supercharge on n spinon creation operators, we 
introduce the operator . This operator acts on a path with a single domain wall as
[[l1]]0,1 = [[l1 + 1]]2,1, [[l1]]2,1 = [[l1 + 1]]0,1,
[[l1]]1,0 = [[l1 − 1]]1,2, [[l1]]1,2 = [[l1 − 1]]1,0,
(47)
which leads to the local action on the r th operator of a sequence of n spinon operators as
(ϕ∗1jr ) = ϕ∗0jr , ((−1)p1 + · · · + (−1)pr−1 = 1)∧ (pr = 1)
(ϕ∗0jr ) = ϕ∗1jr+2, ((−1)p1 + · · · + (−1)pr−1 = 1)∧ (pr = 0)
(ϕ∗0jr ) = ϕ∗1jr , ((−1)p1 + · · · + (−1)pr−1 = 0)∧ (pr = 0)
(ϕ∗1) = ϕ∗0 , ((−1)p1 + · · · + (−1)pr−1 = 2)∧ (p = 1).
(48)jr jr−2 r
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actions in mod 2. The number of spinons is also conserved and therefore, they only act on the 
domain-labels, denoted by the superscripts.
We obtain that the actions of the supercharges Q˜, Q˜† on a sequence of n spinon creation 
operators is written by
Q˜(ϕ∗pnjn . . . ϕ
∗pn
jn
) = Q˜(ϕ∗pnjn )1(ϕ
∗pn−1
jn−1 ) · · ·1(ϕ
∗p1
j1
)
+ (ϕ∗pnjn )Q˜(ϕ
∗pn−1
jn−1 )1(ϕ
∗pn−2
jn−2 ) · · ·1(ϕ
∗p1
j1
)
+ · · · + (ϕ∗pnjn ) . . .(ϕ
∗p2
j2
) · · · Q˜(ϕ∗p1j1 ),
Q˜†(ϕ∗pnjn . . . ϕ
∗pn
jn
) = Q˜†(ϕ∗pnjn )1(ϕ
∗pn−1
jn−1 ) · · ·1(ϕ
∗p1
j1
)
+ (ϕ∗pnjn )Q˜†(ϕ
∗pn−1
jn−1 )1(ϕ
∗pn−2
jn−2 ) · · ·1(ϕ
∗p1
j1
)
+ · · · + (ϕ∗pnjn ) . . .(ϕ
∗p2
j2
) · · · Q˜†(ϕ∗p1j1 ).
(49)
The actions (45) and (47) are expressed in terms of four-by-four matrices, if we choose the basis 
(mr, mr−1) as {(0, 1), (2, 1), (1, 0), (1, 2)}:
Q˜ = 1
2
⎛⎜⎜⎝
0 1 0 0
−1 0 0 0
0 0 1 0
0 0 0 −1
⎞⎟⎟⎠ , Q˜† = 12
⎛⎜⎜⎝
0 −1 0 0
1 0 0 0
0 0 1 0
0 0 0 −1
⎞⎟⎟⎠ ,  =
⎛⎜⎜⎝
0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0
⎞⎟⎟⎠ .
(50)
These are related to the generators Q, Q¯,  of the superalgebra introduced for the supersymmet-
ric sine-Gordon model [20] via
Q˜ = e
πi/4
2
√
2
(Q− iQ¯), Q˜† = e
−πi/4
2
√
2
(Q+ iQ¯),  = . (51)
Moreover, the action of Q˜, Q˜† on the sequential operators (49) coincides with the comultiplication 
of the supercharge [34]:
(n)(Q) =
n∑
j=1
 ⊗ · · · ⊗  ⊗ Q︸︷︷︸
j
⊗1 ⊗ · · · ⊗ 1,
(n)(Q¯) =
n∑
j=1
 ⊗ · · · ⊗  ⊗ Q¯︸︷︷︸
j
⊗1 ⊗ · · · ⊗ 1.
(52)
Besides the number of spinons and each of spinon spins, the supercharges Q˜, Q˜† do not change 
the sequence (rM − rM−1, . . . , r2 − r1). Therefore, the associated Haldane’s spinon motifs are 
invariant under the actions of supercharges. Thus, the supercharges does not change the spinon 
spins i.e. the SU(2)-multiplet structure of spinons but nontrivially act on the RSOS part by 
changing the labels of domains.
3.2. Superalgebra in spinon basis
In the previous subsection, we have obtained the actions of the supercharges on a sequence of 
spinon creation operators. In this subsection, we discuss which subspace of the Hilbert space of 
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only in the subspace with limit momentum, i.e. the zero momentum space for odd N and the π
momentum space for even N . In this subspace, we have no restriction from E ≥ |P |. In order to 
determine the superspace for which the supersymmetry holds, we study the superalgebra (41) in 
the spinon basis.
Taking into account that (−1)F = , the second and third relations of (41) are rewritten as
{, Q˜} = {, Q˜†} = 0. (53)
These relations are checked through direct calculation in the matrix forms (50). The first relation 
of (41) is proved through the coproductive forms (49). Noting that
Q˜2 = (Q˜†)2 = 1
4
⎛⎜⎜⎝
−1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 1
⎞⎟⎟⎠ , 2 = 1 (54)
and the anticommutation relations (53), the squares of the coproductive supercharges act on a 
sequence of n spinon creation operators as
((n)(Q˜))2 =
n∑
j=1
1 ⊗ · · · ⊗ 1 ⊗ Q˜2︸︷︷︸
j
⊗1 · · · ⊗ 1,
((n)(Q˜†))2 =
n∑
j=1
1 ⊗ · · · ⊗ 1 ⊗ (Q˜†)2︸ ︷︷ ︸
j
⊗1 · · · ⊗ 1.
(55)
The summations vanish only for even n. Thus, the supersymmetry is obtained only when an 
even number of spinons exists, that is, the infinite FZ chain possesses supersymmetric subspace, 
which is spanned by paths with boundary conditions m0 = 0, mn = 0, 2.
3.3. Graphical representations of restricted paths
Here we give the graphical representations of a restricted path, which represents the RSOS 
degrees of freedom of the FZ chain. A restricted path is encoded by a sequence (pn, . . . , p1)
(pj = 0, 1) satisfying the restriction (26). For a fixed sequence of pj ’s, set
h(n) = (−1)p1 + · · · + (−1)pn (56)
as a function of n. Then we have a graphical representation of the restricted path by taking n
on the x-axis and h(n) on the y-axis (Fig. 1). Thus, h(n) is considered as a height function. 
The adjacency condition (25) indicates that a graph consists only of ±1 slopes. Since the paths 
which span the supersymmetric subspace of the FZ model meet the boundary conditions m0 = 0, 
mn = 0, 2, the associated restricted paths start from (0, 0) and end with (n, 0) or (n, 2) on a 
graph. Note that, in a (mn, m0) path, the value of the function h(j) reads the domain after the 
j th domain wall.
Here we remark properties of a restricted path. Let us denote j which satisfies
h(j) = 1 ∧ h(j − 1) = h(j + 1) (57)
by rs . This is interpreted as the existence of local maxima/minima with height 1 in a graph. Due 
to the condition (26), a restricted path of length n is uniquely determined by a set of rs ’s under a 
26 C. Matsui / Nuclear Physics B 913 (2016) 15–33Fig. 1. Two examples of the restricted path with n = 8. (a) The restricted path from 0 to 0 under the boundary condi-
tions m0 = 0, m8 = 0. This path is given by the set (p8, p7, p6, p5, p4, p3, p2, p1) = (1, 0, 1, 1, 0, 1, 0, 0). The local 
maxima and minima characterizing the restricted path are obtained as (r2, r1) = (7, 3) and (r tot5 , r tot4 , r tot3 , r tot2 , r tot1 ) =
(7, 6, 4, 3, 2). (b) The restricted path from 0 to 2 under the boundary conditions m0 = 0, , m8 = 2. This path is given 
by the set (p8, p7, p6, p5, p4, p3, p2, p1) = (0, 0, 1, 1, 0, 1, 0, 0). The local maxima and minima characterizing the re-
stricted path are obtained as r1 = 3 and (r tot4 , r tot3 , r tot2 , r tot1 ) = (6, 4, 3, 2).
Fig. 2. The values of the energy function applied to restricted paths of length two.
fixed boundary conditions. We write a restricted path of length n characterized by (prM , . . . , pr1)
(r1 < · · · < rM) as presn (prM , . . . , pr1). Due to the boundary conditions, any rs takes an odd-
integer value. The adjacency condition imposes that we have M ≤ n2 , which is an integer since 
the supersymmetry is obtained only for even n. Once M is fixed, the number of j ’s which satisfy 
h(j − 1) = h(j + 1) is uniquely determined:
#r tots := #{j |h(j − 1) = h(j + 1)}
=
{
1
2 (n− 2M)+ 2M − 1 mn = 0
1
2 (n− 2M − 2)+ 2M mn = 2.
(58)
Note that r tots ’s read the positions of local maximum/minimum of a graph. Taking all these into 
consideration, we obtain that there are 
(
n
2
M
)
distinct paths.
The energy function H(ps, ps−1) in (27) is graphically represented as in Fig. 2. The function 
maps a path of length two either 0 or 1. The supercharge Q˜ also admits graphical actions (Fig. 3). 
These are determined from the matrix expressions (50). Similarly, the graphical actions of Q˜†
and  are determined. One obtains that the operator  simply exchanges the labels 0 and 2. The 
comultiplication (52) is realized subsequently by applying these local actions to the restricted 
path. We show the n = 8 examples in Fig. 4.
3.4. Construction of superspace
In the supersymmetric model, every eigenstate except for the ground state makes a superpart-
ner by sharing the same energy. A superpartner consists of the eigenstates which are mapped to 
each other by Q˜ and Q˜†. Due to the nilpotency of the supercharges, these states are annihilated 
either by Q˜ or by Q˜†. This property is a straightforward consequence of the definition of the 
Hamiltonian as the anticommutator {Q˜, Q˜†}. Although the Hamiltonian with the Hamiltonian 
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Fig. 4. The coproductive action of the supercharge on the restricted path with n = 8. The bold red lines represent where 
Q˜ locally acts and the thin red lines show where  acts. Each two terms in the first and third lines compensate, resulting 
in zero. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this 
article.)
density given by (42) coincides with the known FZ Hamiltonian (1), (2), any of paths are invari-
ant under the q → 0 limit of the latter Hamiltonian but not invariant under the former one. This is 
understood as due to degeneracy occurring in the q → 0 limit. We expect that the structure of lin-
early combined paths invariant under the supersymmetry holds for arbitrary anisotropy, which is 
one of our future problems. After some manipulation, we found that a certain linear combination 
of paths constitutes the invariant subspace of both of the above Hamiltonians.
Since any of invariant paths are killed by one of two terms constituting the anticommutator 
{Q˜, Q˜†}, we look up these two actions on a path separately. Let us first consider the action of the 
product Q˜Q˜†. By expanding them in the coproductive forms, we have
28 C. Matsui / Nuclear Physics B 913 (2016) 15–33(n)(Q˜)(n)(Q˜†) =
∑
j>i
1 ⊗ · · · ⊗ 1 ⊗ Q˜†︸︷︷︸
j
⊗ ⊗ · · · ⊗  ⊗ Q˜︸︷︷︸
i
⊗1 ⊗ · · · ⊗ 1
+
∑
j>i
1 ⊗ · · · ⊗ 1 ⊗ Q˜︸︷︷︸
j
⊗ ⊗ · · · ⊗  ⊗ Q˜†︸︷︷︸
i
⊗1 ⊗ · · · ⊗ 1
+
n∑
i=1
1 ⊗ · · · ⊗ 1.
(59)
The actions of Q˜, Q˜†, and  on a restricted path are given in (50), while we have
Q˜† = 1
2
⎛⎜⎜⎝
1 0 0 0
0 −1 0 0
0 0 0 −1
0 0 1 0
⎞⎟⎟⎠ , Q˜ = 12
⎛⎜⎜⎝
1 0 0 0
0 −1 0 0
0 0 0 1
0 0 −1 0
⎞⎟⎟⎠ . (60)
Thus, the actions of the first and second terms in (59) cancel each other out unless j − i ∈
2Z≥0 + 1.
For a sequence (rˇ1, . . . , ˇr n2 −M−1) (rˇj ∈ {1, 3, . . . , n − 1}\{r1, . . . , rM }), we define a set of st ’s 
by Sj := unionsqt;rj−1<st<rj st . If there exists no such st , then Sj = ∅. From direct calculation, we 
obtain
Q˜Q˜†presn (prM , . . . ,pr1)
= n
4
presn (prM , . . . ,pr1)+
{(n
2
−M
)(1
2
)
+M
(
−1
2
)}
presn (prM , . . . , pr1)
+
M∑
j=1
M∑
j ′=1
∑
st∈Sj ′
(−1) 12 |rj−st |−|j−j ′+ 12 |presn (pσ(rM), . . . , pˇσ (rj ), pσ(st ), . . . , pσ(r1))
(61)
where pˇrj indicates a local minimum or maximum removed and replaced by pst . We used the 
notation ∗ in order to represent the largest integer no greater than ∗. The first term comes from 
the last term of (59), the second term comes from the sums over odd j , and the rest comes from 
the sums over even j . Note that pst does not always satisfy rj+1 > st > rj−1. For this reason, 
we introduced σ for reordering the indices rM, . . . , st , . . . , r1 in such a way that σ(rM) > · · · >
σ(st ) > · · · > σ(r1).
What (61) indicates is as follows. Suppose we have two restricted paths presn (pσ(rα), pσ(rM−1),
. . . , pσ(r1)) and presn (pσ(rβ), pσ(rM−1), . . . , pσ(r1)). The actions Q˜Q˜† on these restricted paths pro-
duce the same restricted path presn (pσ(rγ ), pσ(rM−1), . . . , pσ(r1)) (rγ /∈ {r1, . . . , rM−1, rα, rβ}) with 
the opposite signs (Fig. 5). At the same time, the operator Q˜Q˜† maps these restricted paths to each 
other with the same signs (Fig. 6). Therefore, a linear combination ∑cr1,...,rMpresn (prM , . . . , pr1), 
where the summation is taken for r1, . . . , rM ∈ {1, 3, . . . , n − 1} (r1 < · · · < rM ), is invariant un-
der the anticommutator of the supercharges if the coefficients are chosen as
cr1,...,rM =
⎧⎪⎨⎪⎩
1 {r1, . . . , rM } = {r ′2, . . . , r ′M+1}
(−1)− 12 (r ′j−r ′1)+(j−1) {r1, . . . , rM } = {r ′1, . . . , r ′M+1}\{r ′j }
0 otherwise
(62)
for an arbitrary sequence (r ′ , . . . , r ′ ) (r ′ ∈ {1, 3, . . . , n − 1}).1 M+1 j
C. Matsui / Nuclear Physics B 913 (2016) 15–33 29Fig. 5. The possible configurations of rα, rβ , rγ and the sets they belong to. In all cases (i)–(iii), the upper one represents 
a map Q˜Q˜† replacing rα with rˇγ , while the lower one represents a map replacing rβ with rˇγ . (i) The upper one gets 
(−1)− 12 (rα−rˇγ )−(α−γ+1)− 12 (rˇβ−r1)+(β−1) and the lower one gets (−1)− 12 (rβ−rˇγ )−(β−γ )− 12 (rˇα−r1)+(α−1) . 
(ii) The upper one gets (−1)− 12 (rα−rˇγ )−(α−γ+1)− 12 (rˇβ−r1)+(β−1) and the lower one gets 
(−1) 12 (rβ−rˇγ )+(β−γ )− 12 (rˇα−r1)+(α−1) . (iii) The upper one gets (−1) 12 (rα−rˇγ )+(α−γ+1)− 12 (rˇβ−r1)+(β−1) and 
the lower one gets (−1) 12 (rβ−rˇγ )+(β−γ )− 12 (rˇα−r1)+(α−1) . Thus we obtain that, in all cases, the upper one and the 
lower one result in the opposite signs.
Fig. 6. Under a map Q˜Q˜†, the upper one gets (−1)− 12 (rα−rβ )−(α−β+1)− 12 (rβ−1)+(β−1) and the lower one gets 
(−1) 12 (rβ−rα)+(β−α−1)− 12 (rα−1)+(α−1)) , which result in the same signs.
The invariant linear combinations under the action of Q˜†Q˜ are obtained as the superpartners 
of those invariant under Q˜Q˜†. The explicit calculation leads to the action of Q˜†Q˜ on a restricted 
path, which just changes the signs in the right-hand side of (61) except for the first term. Suppose 
the Q˜Q˜†-invariant restricted path of M − 1 spinons ∑ cr1,...,rM−1presn (prM−1, . . . , pr1). Then this 
path is mapped by Q˜ as
Q˜ :
∑
cr1,...,rM−1p
res
n (prM−1, . . . , pr1)
→
M−1∑
j=1
∑
rˇt∈Sj
(−1) 12 (rˇt−1)+(j−1)cr1,...,rM−1presn (pσ(rˇt ), pσ(rM−1), . . . , pσ(r1)).
(63)
This linear combination can be checked to be invariant under Q˜†Q˜. Let us consider a sequence 
(r1, . . . , rM−1) (rj ∈ {r ′1, . . . , r ′M }). According to (63), a restricted path with r1, . . . , rM−1 is 
mapped to the one with r1, . . . , ˇrk, . . . , rM−1, rα (rα ∈ {1, 3, . . . , n − 1}\{r1, . . . , rM−1}). For 
rα, rβ /∈ {r ′1, . . . , r ′M }, two restricted paths in the combination (63) e.g. presn (pσ(rα), pσ(rM−1), . . . ,
pσ(r1)) and presn (pσ(rβ), pσ(rM−1), . . . , pσ(r1)) are mapped by the product Q˜†Q˜ to the same re-
stricted path presn (pσ(rβ), pσ(rα), pσ(rM−1), . . . , pˇσ (rk), . . . , pσ(r1)) with different signs (Fig. 7). 
On the other hand, for rα /∈ {r ′1, . . . , r ′M } and rβ ∈ {r ′1, . . . , r ′M }\{r1, . . . , rM−1}, a restricted path 
with r1, . . . , ˇrk, . . . , rM−1, rα, rβ is obtained through the four different kinds of restricted paths:
(i) presn (pσ(rα), pσ(rM−1), . . . , pσ(r1)) rk replaced by rβ .
(ii) presn (pσ(rβ), pσ(rM−1), . . . , pσ(r1)) rk replaced by rα .
(iii) presn (pσ(rβ), pσ(α), pσ(rM−1), . . . , pˇσ (rk), . . . , pσ(r1)) mapped to itself.
(iv) presn (pσ(rβ), pσ(α), pσ(r ), . . . , pˇσ (r ), . . . , pσ(r )) rl replaced by rk .M−1 l =k 1
30 C. Matsui / Nuclear Physics B 913 (2016) 15–33Fig. 7. The possible configurations of rα, rβ , rk and the sets they belong to. In all cases (i)–(iii), the upper one represents 
a map Q˜†Q˜ replacing rk with rˇβ , while the lower one represents a map replacing rk with rˇα . 
(i) The upper one gets (−1)− 12 (rk−rˇβ )−(k−β+1)− 12 (rk−r1)+ 12 (rˇα−1)+(α−1) and the lower gets 
(−1)− 12 (rk−rˇα)−(k−α+1)− 12 (rk−r1)+ 12 (rˇβ−1)+(β−2) . 
(ii) The upper one gets (−1)− 12 (rk−rˇβ )−(k−β+1)− 12 (rk−r1)+ 12 (rˇα−1)+(α−1) and the lower one gets 
(−1) 12 (rk−rˇα )+(k−α−1)− 12 (rk−r1)+ 12 (rˇβ−1)+(β−2) . 
(iii) The upper one gets (−1) 12 (rk−rˇβ )+(k−β−1)− 12 (rk−r1)+ 12 (rˇα−1)+(α−1) and the lower one gets 
(−1) 12 (rk−rˇα )+(k−α−1)− 12 (rk−r1)+ 12 (rˇβ−1)+(β−2) . 
Thus we obtain that, in all cases, the upper one and the lower one result in the opposite signs.
Fig. 8. Under the map Q˜†Q˜, the upper one gets (−1)− 12 (rk−rˇl )−(k−l+1)− 12 (rk−r1)+(k−1)+ 12 (rˇl−1)+(l−2) and the lower 
one gets (−1) 12 (rl−rˇk )+(l−k−1)− 12 (rl−r1)+(l−2)+ 12 (rˇk−1)+(k−1), which result in the same signs.
The cases (i) and (ii) always get opposite signs and therefore cancel each other out. The case (iv) 
has the non-zero contribution (Fig. 8). Thus, a linear combination ∑c′r1,...,rMpresn (prM , . . . , pr1)
is invariant if the coefficients satisfy
c′
σ(r1),...σ (rM−1),σ (rˇt ) = (−1)
1
2 (rˇt−1)+(j−1)cr1,...,rM−1, (64)
where cr1,...,rM−1 meets the condition (62).
It is checked that the linear combinations specified by (64) are orthogonal to those given 
by (62). This verifies that the paths satisfying (62) and (64) make a superpartner. Indeed, the 
combination given by (62) is killed by Q˜†, whereas that specified by (64) is annihilated by Q˜. 
Thus, the paths encoded by (62) and (64) span orthogonal eigenspaces of the supersymmetric 
Hamiltonian. Their eigenvalues are calculated as n2 by using the properties obtained in Fig. 6
and 8, which coincide with the exact results obtained from the spin chain Hamiltonian (9).
4. Conclusions
In this paper, we discussed the discrete analog of the supersymmetry on the spinon basis 
of the infinite spin chain of the Fateev–Zamolodchikov (FZ) type at q → 0. By modifying 
the supercharges introduced to the finite spin chain in order to be compatible with the infi-
nite system, we showed that the actions on the spin basis properly realize the matrix forms 
and the comultiplications of the superalgebra on the supersymmetric sine-Gordon model. We 
also constructed the linear combinations of paths which constitute the supersymmetric sub-
space of the FZ chain. We found that, although the discrete analog of the supercharge in-
serts or removes a site in the spin basis, it preserves the number of spinons and the spin of 
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the RSOS degrees of freedom, the supercharge makes a non-trivial action only on the lat-
ter.
Since our motivation come from the lattice regularization of quantum field theories, which 
can be partially achieved through the light-cone lattice regularization [1,2,14,30], we are in-
terested in how the discussion here works for finite spin chains. The problem to overcome is 
that, since the vertex operator is well-defined only in infinite systems, the spinon creation op-
erators used in this paper cannot be used in a finite chain. One possibility is to use the hole 
description of spinons via the Bethe ansatz method [6]. In the Bethe ansatz method, each 
eigenstates is characterized by a set of Bethe roots, which are classified into strings [11,12,
38]. From the string compositions of eigenvectors, the Yangian-like structure was found for 
the spin- 12 case [3]. The similar structure is expected for the arbitrary spin- 2 case, by letting 
configurations of shorter strings than length two give the RSOS degrees of freedom [33]. For 
the spin- 12 case, the spinon orbitals were identified in association with spinon momenta [3]. 
However, the method seems to be empirical and therefore, more sophisticated formulation 
would be needed for the extension to the spin 1, which contains more degrees of free-
dom.
Another future problem is to consider the arbitrary spin cases. Although we used the spinon 
creation operator defined at the q → 0 limit, in which the eigenvectors admit the domain-wall 
description, the spin chain with spin 2 does not generally possess the supersymmetry at arbitrary 
anisotropy but is supersymmetric only at the combinatorial point q = e πi+2 [16].
The problem to work on finite systems is especially interesting for us, since the FZ chain 
with boundary magnetic fields shows the phase transition in its correspondence with the super-
symmetric sine-Gordon model [30]. That is, the spin chain realizes either the Neveu–Schwarz 
sector or the Ramond sector of supersymmetry depending on the boundary parameters. We ex-
pect that the study of spinon excitations and length-change operators may lead to understanding 
how the boundary condition of spin chains works for the hidden supersymmetry of spin chains, 
and subsequently, how the supersymmetry holds/changes in manipulating the scaling limit.
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